We consider the effect of different unitary noise mechanisms on the evolution of a quantum walk (QW) on a linear chain with a generic coin operation: (i) bit-flip channel noise, restricted to the coin subspace of the QW, and (ii) topological noise caused by randomly broken links in the linear chain. Similarities and differences in the respective decoherent dynamics of the walker as a function of the probability per unit time of a decoherent event taking place are discussed.
Introduction
Quantum walks (QW) [1] are a generalization of random walks to the quantum mechanical regime. Due to quantum interference effects, the QW spreads faster than its classical counterpart [2, 3] . This has motivated several optimal quantum search algorithms based on discrete-time [4, 5] and continuous-time versions [6] of the QW. Other recent algorithmic applications of quantum walks include the best algorithm for the problem of element distinctness (i.e. determining if all elements in a set are distinct or not) [7] and an algorithm for fast evaluation of NAND trees [8] . Furthermore, a continuous time quantum walk has been shown to traverse specific binary tree-shaped networks exponentially faster than a classical random walk [9, 10] . Even though the significance and generality of some of these results is still under debate [11] , it is clear that QW's are a highly useful concept for quantum computation.
Among the many suggestions made for the physical realization of the QW, some are now implemented at the proof-of-principle stage [12, 13] . As in any implementation of a quantum device, the problem of decoherence due to coupling to the environment or to imperfect gate operations, is a mayor obstacle to be dealt with before useful computations can be accomplished using QWs. Quantum error correction protocols require a considerable overhead in quantum resources, so it is important to characterize the effects of decoherence on the dynamics and perhaps even use controlled decoherence to achieve specific purposes [14, 15] . In recent years, several studies on decoherent quantum walks in one [16, 17, 18, 19, 20] or more dimensions [21, 22, 23] have appeared. Ref. [24] provides a recent review on the subject.
The effects of decoherence on the quantum dynamics are frequently studied by applying some quantum operation on the system with probability p per unit time. When the quantum operation is restricted to the coin subspace, considerable progress can be made using analytical techniques. In other cases, path counting-methods have proved to be useful tools, but frequently one must resort to numerical simulation to explore the resulting dynamics in detail. It is a common feature of decoherent quantum walks that for times long compared to a characteristic time 1/p, the variance increases linearly, but at a higher rate than that implied by classical diffusion. This spreading rate is a useful signature of the effect of decoherence on the quantum walk.
Usually some fixed unitary coin operation is used to drive the quantum walk. However, the impact of decoherence may be different for different coin operations. In this work, a decoherent quantum-walk on the line driven by a generalized coin operation is analyzed. Two different noise mechanisms are considered: (i) a coin-flip operation applied with probability p per unit time (i.e. bit-flip channel noise) and (ii) at a given time a link on the line is open with probability p. This model (broken-link model) was introduced in [20] as a way to mimic the effects of thermal noise in some experimental situations and it was later generalized to higher dimensions [21, 25] . This work is organized as follows: in section 2 the formalism of the coherent quantum walk is introduced and, in this context, the method of quantum operations is reviewed. In section 3 the two specific noise mechanisms mentioned above are considered and their effect on the spreading rate of the quantum walk is discussed. Finally, in section 4 we present our conclusions.
Generalized discrete-time quantum walk on the line
The discrete-time quantum walk on the line is a quantum analog of the classical random walk where the random choice is replaced by a unitary operation in the abstract "coin" subspace, H C . This is a single-qubit space, spanned by two orthonormal vectors, usually denoted {|R , |L }. In the one dimensional case, the motion takes place in a position subspace, H P , spanned by an orthonormal set of position eigenstates {|x } with x an integer associated to discrete positions on a line. The Hilbert space is then H = H P ⊗ H C and a generic state for the walker is of the form
where the amplitudes a x = x, R |Ψ and b x = x, L |Ψ satisfy the normalization condition x |a x | 2 + |b x | 2 = 1.
A step of the walk is described by the unitary operation
where I P indicates the identity in H P and S 0 is defined by
This unitary operator conditionally shifts the position by one step. The coin operation, U C , can be any suitable unitary operation in H C .
Generalized coin operation
A parametrization which represents a general unitary operation in H C requires three real parameters. For our purposes, a single-parameter coin operation that allows us to explore the response of the system to different environments will suffice. We consider coin operations
parametrized in terms of the real angular parameter θ ∈ [−π/2, π/2]. For θ = π/4, the QW reduces to the standard Hadamard walk on a line.
Open quantum systems are best described in terms of density operators. In the absence of noise, an initial state ρ 0 evolves, after t iterations, to ρ t = U t ρ 0 (U † ) t . The probability distribution for finding the walker at site x at time t is P (x, t) = tr(ρ t |x x|), where tr(·) represents a trace operation. It is a well established fact [2, 26] that the variance of this distribution increases quadratically with time, while in the classical case the increase is only linear. The quadratic increase is directly related to quantum interference effects and is eventually lost in the presence of decoherence [20] .
Since the QW has a constant step size, its dynamics is best described in the Fourier-transformed space [27] . This subspace,H k , is spanned by the Fourier transformed kets |k ≡ x e ikx |x , where the real wavenumber k is restricted to [−π, π] . In this representation the density operator is
whereχ kk ′ ≡ |χ k χ k ′ |. In this work we consider pure, localized initial states, and, without loss of generality, start the walker at the origin, x = 0. The initial state is, therefore, of the form
|k ⊗ |χ 0 , where |χ 0 is an arbitrary initial coin state, with components (
T to indicate a two-component column vector and the amplitudes in Fourier space are (
The shift operator is diagonal inH k since S 0 |k, R = e −ik |k, R and S 0 |k, L = e ik |k, L . Therefore the evolution operator, eq. (2), is diagonal in k and acts non-trivially in the coin subspace, U(|k ⊗ |χ k ) ≡ |k ⊗ U k |χ k , with
Quantum operations
Long-time effects of different kinds of noise on the position distribution of the walker can be obtained using quantum operations, as described in detail in Ref. [17] . Here, we review the essential aspects of this method and introduce the appropriate notation. A trace-preserving quantum operation [28] is described by a set of Kraus operators {A n }, n = 1, 2, . . . N assumed to satisfy
Considerable progress in an analytical description of the dynamics is possible when the operators A n are restricted to the coin subspace H C . In this case, χ kk ′ → n A nχkk ′ A † n and, after a single step in the quantum walk, the coin state becomesχ
After t such steps are taken, the density operator is of the form (5) , witĥ This transformation is best described in terms of a superoperator L kk ′ defined by
We are interested in the effects of decoherence on the long-time position probability distribution, P (x, t), of the QW. In what follows, unless otherwise stated, the trace operation acts only in the coin degree of freedom. The moments of the position distribution can be obtained from the above expressions [17] ,
where the sum over positions has been evaluated in terms of derivatives δ
of the delta function. After integration by parts the first two moments, which determine the variance σ 2 , are given by
where the fact that L k is trace-preserving has been used.
In order to find a clean expression for L j k [χ], the reduced density operator χ is parametrized as a linear combination of Pauli matrices and the identity, χ ≡ 3 j=0 r j σ j , where σ 0 = I is the 2 × 2 identity and σ 1 = X, σ 2 = Y and σ 3 = Z are the usual Pauli matrices. Since tr(χ) = 2r 0 = 1, r 0 = 1/2 is fixed and L k does not affect this component, the state of the walker can be parametrized by the column vector R ≡ (r 1 , r 2 , r 3 )
T . Then, the action of the superoperator L k is described by a 3 × 3 matrix M k ,
For a specific set of Kraus operators {A n }, the matrix representation M k can be obtained from eq. (8) . We perform an explicit calculation of this kind in the following section.
Moments of the position distribution
In the absence of decoherent events, the (long-time) first and second moments are proportional to t and t 2 , respectively. In the presence of decoherent noise, the moments of the position distribution may be expressed in terms of M k as follows.
The first moment, eq. (9), requires the evaluation of tr ZL 
Provided the eigenvalues λ i of M k satisfy |λ i | < 1, at long times the sum may be approximated by a geometric series which sum is given by the constant,
We have defined the operator
assuming that I − M k , is invertible (I is the 3 × 3 identity matrix). Note that, due to the scalar product with the row vector (0, 0, 2), only the third row of G k is relevant. We emphasize that this expression for the first moment of the decoherent evolution is valid only in the limit of very large times.
A similar expression for the second moment can also be obtained, although the details are more involved. The diagonal term (j ′ = j) in eq. (10) is readily evaluated, and represents the "classical-like" linear contribution to the variance. The remaining terms represent quantum effects and and may be regrouped in the form
This expression may be written in the 4 × 4 Pauli representation as
where v = (0, 0, 0, 2) and the matrices Z L and Z R represent the action of the Pauli operator Z on the left or right, respectively, i.e. Z L O ≡ ZO and OZ R ≡ OZ. The explicit form of these matrices is
so Z R + Z L is sparse and real. The second moment should not depend on the initial conditions. As shown in Ref. [17] , this can be made apparent by separating the first component of the initial coin state
and noting that
After taking into account the action of Z L + Z R on the first term of eq. (18), the expression for the second moment may be further simplified to
T where the first trivial component has now been omitted. The double series may be summed as before, provided the eigenvalues of M k satisfy the restriction |λ i | < 1. Then, in the limit of very large times, the second moment is approximated by
Thus, the variance of the QW is determined by the element in the third row and column of G k .
Spreading rate
As we have seen, in the presence of decoherence the first moment is a constant and the second one increases linearly with time. When the rate of decoherent events is small this increase can be considerably faster than the corresponding classical diffusion rate [20] . We define the spreading rate of a quantum walker as
If the variance σ 2 is associated to an ensemble of walkers, the corresponding classical quantity is the diffusion coefficient of a random walk, D = 1. Since in this work t is a discrete variable, the use of discrete derivatives in the above definition is implied. As mentioned before, the first moment is asymptotically constant and does not contribute to D q . A simple explicit expression for the spreading coefficient can be obtained from eq. (19),
The upper bar indicates that an average in k−space has been performed, i.e.
G k . Thus, the termḠ 3,3 is responsible for the faster spreading rate of a decoherent quantum walk relative to a classical walk.
For any particular kind of noise, eq. (8) allows one to evaluate eq. (21) and obtain D q in terms of the noise rate and coin operation. In Ref. [17] this was done for the particular case of a Hadamard walk (i.e. θ = π/4 in eq. (6)) and for a set of Kraus operators representing a partial measurement of the coin state with probability p per time-step. In the following, we apply this formalism to other sources of decoherent events and arbitrary coin operations of the form (4).
Decoherent quantum walk

Bit-flip channel
Consider the particular set of Kraus operators which flip the coin state with probability p per time step (p ∈ [0, 1]),
This particular kind of noise is usually known as bit-flip channel noise [28] . Note that these operators satisfy eq. (7) as required from a trace-preserving quantum operation. For the bit-flip channel, eq. (8) reduces tô
with U k given by eq. (6) . There are two parameters in this model; the probability per unit time that the coin state is inverted, p, and the angle θ which determines the coin operation. The purity of the state ρ, defined as Π(t) ≡ tr(ρ can be used as simple indicator of the impact that a given noise rate has on the dynamics. Fig. 1 shows the purity as a function of time for several noise rates p ≤ 0.50. For values of p > 0.50 the purity is identical to that of 1 − p. For all noise levels and times long compared to 1/p, the purity decays according to a power law, namely Π ∼ t −1/2 . This decay rate was to be expected since, for t ≫ 1/p, the density operator reduced to the coin subspace, ρ C = tr C (ρ), has evolved to a minimum information state, i.e. ρ C → I/2. In this regime, the position distribution is gaussian-like, peaked at x = 0, with a characteristic spread σ(p, t) = D q t, as implied by definition (20) . A simple calculation shows that this leads to a purity decay Π ∼ 1/ D q t.
We now proceed to obtain an explicit expression for the spreading coefficient D q (p, θ). After expressing χ in the Pauli representation introduced in the last section and using the properties of the Pauli matrices, we obtain from eq. (11) and eq. (23) the expression for M k ,
− cos 2θ cos 2k q sin 2k q sin 2θ cos 2k − cos 2θ sin 2k −q cos 2k q sin 2θ sin 2k sin 2θ 0 q cos 2θ
where q ≡ 1 − 2p. The operator I − M k may be inverted provided
This condition is satisfied provided p > 0, θ = 0 and θ = ±π/2. We shall discuss these special coin operations later. Our main interest is to find the dependence of the spreading coefficient on the parameters p and θ. According to eq. (21), the relevant information is contained inḠ 3,3 which equals
(1 + q cos 2θ) cos 2k + q + cos 2θ 1 + cos 2θ cos 2k
Thus, the spreading rate for the case of bit-flip channel noise is,
This expression is one of the main results of this work. One of its interesting features is that D q = 1 for p = 1/2, regardless of the coin operation. This can be understood from the fact that p = 1/2 represents minimum information in eq. (23) and corresponds to the highest decoherence rate. It also explains the fact, apparent in Fig. 1 , that lower p values correspond to lower purity at long times due to their faster spreading rates. For p = 0 and for p = 1, eq. (26) does not apply and in fact diverges. This is to be expected on physical grounds, since in these cases the quantum dynamics is coherent and the variance increases quadratically with time. The case p = 1, which corresponds to a coherent quantum walk with a modified coin operation U ′ C = U C X, has been considered in detail in [29] .
For a Hadamard walk, θ = π/4, the second term in the expression for the In this case D q was obtained numerically iterating the map described in Ref. [20] for 1000 steps for an ensemble of 1000 walkers. In both cases, the maximum spreading rates are consistent with a (1 − p)/p dependence.
spreading rate is null, so (26) simplifies to,
which for low bit-flip rates, p ≪ 1, is of the order of 1/(2p). The case p = 1/2 corresponds to a minimum spreading rate as shown in Fig. 2 and higher or lower values of p correspond to lower decoherence and faster dispersion rates.
For θ = 0 the coin operation is diagonal and the quantum walk is equivalent to a classical random walk in which the walker reverses its direction of motion with probability p per time step. This walk has a spreading rate
For θ = ±π/2, the coin operation reduces to X and the quantum walk is equivalent to a classical random walk in which the direction of the walker is preserved with probability p. In this case, the spreading rate is
For small values of p, this leads to a very slow spreading rate, a factor of p 2 smaller than the maximum rate, eq. (28).
We have checked the θ dependence in eq. (26) by performing an independent numerical simulation of the quantum walk on the line in which the coin is inverted with probability p. The wavevector at time t results from
where each unitary operator U j is either U with probability 1 − p, or U ′ = (I P ⊗ X) · U with probability p. For times long compared with 1/p, the slope of σ 2 , and thus an estimate for D q , are obtained by linear regression. An ensemble of walkers with the same initial condition was used in order to reduce fluctuations. The resulting dependence of D q on θ is shown for several p values in the left panel of Fig. 3 with good agreement with the analytical result. The dispersion rate tends to be underestimated by the simulation near the singular points θ = ±π/2 due to the fact that the numerical estimate is based on finite-time evolutions. As θ approaches these singular values, larger times are required to adequately describe the dynamics since the analytical expression corresponds to the limit t → ∞. We have checked that if larger times are considered, the difference with the theoretical rate is reduced accordingly.
It is illustrative to compare the spreading rate obtained for bit-flip channel noise with existing results for other noise channels. Noise events can be distinguished according to whether they are restricted or not to the coin subspace of the QW. Among the first kind, Brun et al. [17] obtain analytical results for the dispersion rate of a Hadamard quantum walk (HQW) due to partial coin measurements (or, equivalently, pure dephasing noise). Specifically, they consider the quantum operation defined by A 0 = √ 2p |R R|, A 1 = √ 2p |L L| and A 2 = √ 1 − 2p I. The spreading rate implied by the results of that work is identical with our eq. (27) . However, it is important to emphasize that the bitflip channel noise considered here is an example of unitary noise, in the sense of eq. (30), where no measurements are made during the evolution. Shapira et al. have previously considered the effect of another kind of unitary noise (also restricted to the coin subspace) on the HQW [18] . In that work, in addition to the Hadamard coin operation, a stochastic unitary operator e iA was applied at each step. The hermitic operator A = α 1 X + α 2 Y + α 3 Z was defined at each step by choosing at random the coefficients α j (t) with variance α 2 = 2p. For small p, the numerical results in [18] imply that D q → 1/(2p), which is consistent with the weak noise rate limit of eq. (27) .
A different situation arises when the decoherent events are not restricted to the coin subspace. Kendon and Tregenna have considered both numerically and analytically [14, 16] the case of complete measurements (both coin and position) performed with certain probability. They investigate two limiting cases. In the first, the walker takes a number of steps ≪ 1/p and those results do not apply to the long time limit considered in this work. The other corresponds to the classical limit, q → 0. In this later case, their results imply a spreading coefficient D q ≈ 1 + q 4 , while from eq. (27) we find D q ≈ 1 + 2q 2 , for the case of unitary noise.
Topological noise from broken links
A different kind of noise, affecting both the coin and position subspaces, appears when the links between neighboring sites in the linear chain are broken at random. The broken-links noise model was introduced in [20] for the quantum walk on the line and generalized to more dimensions in [21] . It assumes that, at a given time t, a site x in the line has one of its neighboring links open with probabilityp. A broken link remains so for a unit time step, sop is in fact a probability per unit time. If a link is broken, the corresponding probability flux is not transferred across it and is diverted to the other coin amplitude at the same site. This is done using, in addition to S 0 given by eq. (3), the additional shift operators
During the evolution, each of the operators S 0 , S 1 , S 2 , S 3 is applied with probabilities (1 −p) 2 ,p(1 −p),p(1 −p) andp 2 respectively, so a set of Kraus operators for this kind of noise is
This set of operators satisfies eq. (7), as required for a trace-preserving quantum operation. The shift operation follows the unitary coin operation U C (θ), defined in eq. (4), so that a step in the evolution can be represented bỹ ρ = EρE † with
Since the Kraus operators defined by eqs. (32) are not restricted to the coin subspace, the theoretical formalism described in the previous section cannot be applied.
An alternative approach is to describe the evolution as the result of applying a sequence of uncorrelated unitary operators on the initial state, as in eq. (30). Now each U j describes the unitary operation that takes place when some specific links in the line are broken at timestep t = j. This state-function approach leads to a map for the wavevector amplitudes, as shown in Ref. [20] . In that work it was established that for a HQW with randomly broken links the spreading rate depends onp as
with a proportionality constant of order 1. A similar dependence has been obtained for higher dimensional quantum walks when the links are broken isotropically [21] . Here, we are interested in how D q depends on the choice of coin operation as determined by the parameter θ. This can be obtained numerically by following the dynamics of an ensemble of walkers to times t ≫ 1/p for several values of θ and calculating D q from the σ 2 vs t data, using eq. (20). Our results, for different noise levels, are shown in the right panel of Fig. 3 . Comparing both panels in this figure, we notice that while both noise models have a similar dependence on the noise rate around θ = 0, the details of their behavior in this region are quite different. While the brokenlinks noise is flat, the bit-flip noise presents a discontinuity in its derivative, specially noticeable at weak noise ratesp ≪ 1.
The special cases θ = ±π/2, for which D q is very small, have been discussed in the previous section. For the case θ = 0, where the coin operation reduces to Z, the spreading rate is fastest as was in the case of bit-flip channel noise. In this case the motion of the individual walkers is very sensitive to decoherent events and leads to large fluctuations in the values of D q obtained through numerical simulation. The Hadamard walk corresponds to an intermediate spreading rate. For instance, the HQW spreading rates may be doubled if coin operations with small θ values are used.
Conclusions
The decoherent quantum walk (QW) on the line has been investigated, both analytically and numerically. At long times compared to the decoherence rate, the QW position distribution spreads out with a variance σ 2 proportional to the discrete time t. The proportionality constant is the spreading rate, D q , which depends both on the noise rate p and on the particular noise model considered. The noise models can involve complete or partial measurements or the application of different unitary operations at each time step (unitary noise). In this work, the spreading rate of a generalized QW resulting from two kinds of unitary noise has been investigated: (i) bit-flip channel noise, restricted to the coin subspace of the QW and (ii) broken-links noise, which affects both subspaces.
A family of coin operations generated by a single real parameter θ has been considered. This family includes special cases, such as the Pauli operations X and Z, and the Hadamard coin, a preferred choice for the one-dimensional QW. The dependence of the spreading rate on this family of coin operations has been investigated for both kinds of noise. In the Hadamard case, θ = π/4, our results are compared with existing results for other noise models. The spreading rate is highest for θ ≈ 0, which corresponds to essentially diagonal coin operations, close to Z. In this case, an initial coin superposition state is preserved throughout the evolution and, in this sense, the walker experiences a simple translation. For coin operations with θ ≈ ±π/2, or close to X, in the coherent case (p = 0) the walker remains "locked" in the neighborhood of the starting point and no spreading occurs. For p > 0, a decoherent event "unlocks" the walker, but the spreading rate is a minimum, independently of the noise model. Due to these general features, the overall dependence of the spreading rate on the coin operation is independent of the noise model. The details are, however, different when noise affects the position subspace and when it does not.
If the decoherent events are restricted to the coin subspace, considerable progress can be made using quantum operational techniques. For the QW with bit-flip channel noise an analytical expression for the dependence of the spreading rate on the coin operation and on the noise rate has been obtained. This expression, valid for long times, was found consistent with the results of finite-time numerical simulations. The spreading rate increases as 1/p for weak noise and, as expected, approaches the classical value D q → 1 for high noise rates. Within this noise model, the purity Π = tr(ρ 2 ) of the density operator ρ of the QW was found to decay according to a simple power law, namely Π ∼ t −1/2 . For the particular case of a Hadamard walk, the dependence of the spreading rate on the probability p is consistent with the results reported in [17] which uses partial measurements of the coin state as the source of noise. This suggests that the dependence on the frequency of decoherent events may have a generic character or at least be weakly dependent on the details of the quantum operation, when it is restricted to the coin subspace. When the noise model affects the position space, the dynamics is different from the previous case. For instance, important differences have been reported in the position distribution using frequent position measurements as a noise model [14] . The effects on the spreading coefficient of a different noise model, the broken-link model, which affects both the coin and position subspaces of the QW were investigated and compared to that of the bit-flip noise. The comparison is of interest, because both noise models correspond to unitary noise and involve no measurements, but one of them (bit-flip) is restricted to the coin subspace. A different dependence on the coin operation parameter θ was found, but the dependence on the noise level parameter p is similar in both cases, particularly at low noise levels.
The previous considerations may be summarized by noting that the noise rate p is of primary importance in determining the dynamics of the decoherent QW.
In all cases considered, the spreading rate is higher than the corresponding classical rate by a factor of the order of 1/p. In a previous work [20] we argued that this is an indication of persistent quantum correlations. In other words, even for arbitrarily long times, partial quantum coherence continues to play a role in the dynamics of the evolution. A similar conclusion is obtained for the coin-flip noise introduced in the present work.
